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Extension 2 Mathematics

General Instructions

e Reading Time — 5 minutes

e  Working Time — 3 hours

e Write using black or blue pen
Black pen is preferred

e Board-approved calculators may be used

e A table of standard integrals is provided
at the back of this paper.

e In Questions 11 — 16, show relevant
mathematical reasoning and/or
calculations

Total Marks — 100

10 marks
e Attempt Questions 1 — 10
e Allow about 15 minutes for this section.

Section II Pages 7 — 14

90 marks
e Attempt Questions 11— 16
e Allow about 2 hours and 45 minutes for
this section.
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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following is the correct expansion of f sin®x dx?
(A) %cosgx —cosx +c
(B) %cos3x+ cosx + ¢
(C) ésing’x —sinx+c¢
(D) gsin3x +sinx + ¢
2 If ¢, B and y are the roots of 4x3 — 6x2+ 11x —5 = 0 then the polynomial equation
11 1
with roots —,— and — is
a’ B 14

(A)  12x3+9x?>—16x+2=0
(B) 3x3—7x2+18x—-11=0
(C) 5x3—11x>+6x—4=0

(D) 2x3—3x2-22x+10=0

3 Six people are divided into three groups of two. The number of different ways this can be done
is
(A) 90
(B) 45
(Q) 30
(D) 15
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y2 xZ
The directrices of the hyperbola 5 T Ies 1 are

(A)  x=x2

9
B) y=x
(C) y =45
(D) x =25

Which of the following defines the locus of the complex number z sketched in the diagram
below

Im(z)

W arg (G =n
(B) arg(z +i) =arg(z—1—2i)

(C) arg(z —i) =arg(z—1— 2i)

0 arg (55 =r
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6 The diagram below shows the graph of y? = f(x)

1.5 /
f.f
1.0 if
/7 DS /
Il’ .\ I-’
1 i i i 1 1 L x
-2 ' / L B 3
\\_-J-’-/?‘ "\
-1.0 \

Which expression best represents the function f(x)?
(A) x2(x—1)
(B) x2(1—x)
(C) x(x?—1)

(D) x(1—x?)

7 The complex number z lies on the curve |z — (1 +1i)| = 1.

What is the maximum value of |z|?

(A 2++2
B) 2
© v2-1
(D)  V2+1
8 What is the gradient of the tangent to the curve —8X>+Yy>+2y=0 at the point (1,2)?
(A) 2
8
B —
(B) 3
(@] -1
D x
(D) 5

Page 5



10

Without evaluating the integrals, which of the following will give an answer of zero?

(A)

(B)

(€)

(D)

Given that J.sec” X dx =

(A)

(B)

(C)

(D)

sin® @

sl e—nin

:l[(xz—l)(l—xzf o

—o [y

|
oy

j"xz—9‘ dx
-3

sec’ x dx =

w | SN

(U

N | W

6+4\2

.3
sin ¢9+1|9

sin’ xcos X dx

1 n-2
—1tan Xsec" X + J.sec”‘2 x dx, then
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Section |l

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) fz=1—-iv3 and w=1+1,

i) Express z and w in modulus argument form,
2
z
ii) find in modulus—argument form the complex number 3
(b) If (14 i)™ = x + iy, show that x? + y% = 2"
(c) i) The polynomial P(x) = x* — 2x3 — 3x? + ax + b has a double root at x = 2. Show

thata =4 and b = 4.

ii) Factorise P(x) fully.
X
(d) i) Use the substitution t = tana to evaluate

dx

O o | N
—_

1+sin X

sin X

——dx
1+sin X

ii) Hence evaluate

e L]

0

Question 12 (15 marks)
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(a) Find the locus of Z: |z + 1|<|z|

(b) i) Consider the expansion of (cosf + i sin 6)5.
By writing each of sin 58and cos58 in terms of cos@ and sin 8, Show that

tan®6—-10tan360+5tand
1-10tan26+5tan*0

tan50 =

ii) Find the values of 8, for which tan# is a solution of the equation
x*—10x2+5=0

iii) By solving the equation x* — 10x2 + 5 = 0, find the exact values of

T 2T
tan T and tan -

(2x—-1)(x+1)

(c) i) By writing inthe formmx + b + ﬁ , find the equation of the oblique

(2x—-1)(x+1)
x-1 ’

asymptote of y =

ii) Show that the turning points are ( 0,1) and (2,9).

(2x-1)(x+1)

iii) Hence sketch the graph of y = , clearly indicating the intercepts, the

asymptotes and the turning points.

Question 13 (15 marks)
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(a)

(b)

2 2

y

X
The base of a solid is in the shape of an ellipse with equation ?4—— =1.

Sections parallel to the y-axis are equilateral triangles, with one side sitting in the base of the
solid, as shown in the diagram.

83 ? )
i) Show that the volume of the solid is given by V = TI(9 —-X )dX
0

ii) Hence find the volume of the solid.

NOT TO
SCALE

P: (cp, g), where p # +1 is a point on the hyperbola xy = c?.

The normal to the Hyperbola at P meets it again at the point Q.
The line through P and the origin meets the second branch of the hyperbola at R.
You are given that the equation of the normal at P is

py —c = p3(x — cp) Do not prove this.
i) Show that if the point Q is (cq,%), then g = — p_13
ii) Show that the coordinates of R is (—cp, — %).

iii) Show that angle QRP is a right angle.

Question 13 continues on the next page
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(c) Find Iln—xdx

X2
(d) i) Find the values of a, b and ¢ such that

3X*+4x+11  a L bx+c
(x+1)(X*+4) x+1 X +4

ii) Hence, or otherwise, find

3% +4x+11

,[—zdx
(x+1)(x +4)

END OF QUESTION 13
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Question 14 (15 marks)

(a)

(b)

(c)

A particle is fired vertically with initial velocity of u metres per second, and is subject both to
gravity, g, and air resistance, which is proportional to the square of the speed v.

i)

i)

i)

Show that the equation of motion is given by ¥ = —g — kv?, where k is a constant.

dv
By taking X = v E and integrating, show that the greatest height H reached by the

o 1 g+ku?
particle is givenby H = — In
2k g

The particle returns to the point of projection. By considering a suitable equation of

motion, show that the velocity w, with which it returns to the point of projection is

givenby w? = % (1 — e~2kH)

B: (-1,-1)

In the diagram below the graph of y = 1ix2 is sketched showing the turning points A: (1,1) and
y
diagram not to scale A
A(L1)
o\ i
B(-1,-1

Find the real values of k, for which

2
Sketch the graph of y = In (

Tx? = kx has one solution.
x

=)

1+x2

For the hyperbola xy =9

i)

i)

Show that the coordinates of the foci are (3\/5, 3\/5> and (—3\/5, —3\/5) )

Find the equation of the directrices of this hyperbola.
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Question 15 (15 marks)

(a) The circle x2 + y? = 4 is rotated about the line x = 4.

i)

(b) )

i)

Using the method of cylindrical shells to show that the volume is given by
V=4n f_22(4 —x)V4 — x2 dx

Hence find the volume of the solid formed.

A car of mass m Kg is travelling around a circular track of radius R metres, which is
inclined at an angle 6 to the horizontal.

The car has no tendency to side slip. Show that the recommended speed of travel,
u metres per second is givenby  u? = Rg tané

mg

[

For a car travelling with a speed of v metres per second, v # u, show that the sideways

2
frictional force is given by F = mgsinf — m%cos 6

If the car is travelling with a speed one third the recommended speed, show that the
frictional . b F 8mgu?
rictional force is given =
& Y 9,/u*+g?R?

Question 15 continues on the next page
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(c)

i)

The depth of water in a harbour is 7 metres at low tide and 13 metres at high tide. On a
given day, the low tide is at 3AM and high tide is at 9AM.

If the motion of the tide follows Simple Harmonic Motion, show that it can be
represented by x = —3 Cos%t, by suitable choice of axes. Explain your choice of axes

clearly.

A ship requires 11.5 metres of water to leave the harbour. Find the earliest time the ship
can leave the harbour on that day.

END OF QUESTION 15
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Question 16 (15 marks)

NOT TO SCALE
(a) B(6.8)

('4 45°

0

A(10,2)

“

In the figure above the length of AC is twice the length of AB.

i) Explain why AB represents the complex number —4 + 6i.
ii) Explain why AC represents the complex number —10v/2 + 22 i.
iii) Find the complex number C represents.

(b) i) Show that -|'x2\/l—x3dx=—§./(1—x3)3 +C
1
i) Let Inzjx“\/l—x3dx forn>2.
0

By writing X"+/1 = x* = X" ? x x*4/1=x* , or otherwise, show that

2n—-4
l,=——I, ,forn>5.
2n+5
iii) Hence find |,
(c) The polynomial f(x) = x3 + cx + d has three distinct real roots and hence two turning points
at x =uand x = v.
i) Show that u and v are the roots of the equation x? = —=

ii) Explain why f(u). f(v) <0

iii) Hence or otherwise show that 27d? + 4¢3 < 0.
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END OF PAPER
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